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Abstraet--A mathematical nalysis of the distribution of stresses in the neighbourhood of an exterior 
crack in a specimen of bone has been put forward in this paper. The non-isotropic behaviour of osseous 
tissues has been established through different experimental observations with various bone specimens. This 
important mechanical characteristic has been duly accounted for in the analysis. The expressions for the 
crack profile and the normal stress in the plane of the crack have been derived. The problem is treated by 
solving first a pair of dual integral equations which reduce a Fredholm integral equation. Numerical 
computations have been made for quantities of physical interest from the view point of fracture mechanics. 
1. INTRODUCTION 
A fracture of bone may be looked upon as a discontinuity in the osseous tissues. In most cases, 
fractures are caused ue to trauma s a consequence ofan accident. But they can also occur even 
without any trauma under pathological conditions when the bone becomes considerably weak 
owing to bone cancer or some infections in bone tissues. Under such conditions a fracture can occur 
due to stress or fatigue. A fracture is usually called simple or closed if the skin over the location 
of the fracture site is unbroken; it is called compound or open if the skin over the fracture site 
is broken. 
Past experimental studies on specimens of bone indicate that bone behaves as a tough material 
at low strain rates but at high strain rates, bone fractures like a brittle material. It is easily 
understood by the toughness of bone; its resistance to fracture owes largely to the distribution and 
properties of its ingredients. Large strains which may be accommodated by the organic phase also 
contribute to the dissipation of energy at the front of a propagating crack. In the cases where the 
crack enters discontinuity, its front becomes blunted. Thereby the propagation of the crack slows 
down. 
The initiation of cracks in bone was studied by Sweeney [1] and others by using loads different 
from the standard tension, compression, and torsion tests. In their experiment, they observed a
failure in the bone specimen immediately after the critical oad had reached, whereby they could 
examine the initiation of the crack as also its subsequent propagation. Since bone is stronger in 
compression than in tension, failure starts in the tension side. Also a sharp diminution of stress 
is observed for bone specimens in the inward direction. This observation regarding the mechanical 
behaviour of bones asserts that a fracture first occurs at the outer layer. 
As early as 1880, Messener [17] performed some intensive investigations onthe breaking strength 
of intact human bones. He observed that at the time of bending, the cracking or tearing of the 
bone fibres generally occurred on the convex side of the bone. In bones exhibiting considerable 
bending, crushing occurred on the concave side at the point of application of the load before tearing 
or tension fracture occurred. 
The influence of tensile stress in femoral fracture was studied by Evans and Lissner [2]. On the 
superior aspect of the femoral neck near to head, it was observed that the highest ensile strain 
occurred under static vertical oading. On the other hand, transverse fracture of the shaft was 
produced by a load applied to the middle of the shaft of the perpendicular to the longitudinal xis. 
It was observed that the fracture was always initiated at the site of highest tensile strain. On using 
the torsion machine for twisting the femur, the produced spiral pattern fracture indicated that bone 
failed because of tensile stress but not because of shear. It was conjectured that had it been because 
of shear, the shape of fracture would have been transverse across the shaft but not of the spiral 
pattern. 
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As early as 1876, Rauber [17] carried out an intensive study for finding the ultimate tensile 
strength and fracture load of specimens of bone. He also tried to find, during compression, 
shearing, torsion and bending, the ultimate strengths of bone tissues. After many years, Evans [3] 
computed the tensile strength of osseous tissues using Rauber's data. Dempster and Liddicoat [4] 
investigated different physical properties and ultimate tensile strength of bones using dried samples. 
These investigators were the first to note the non-isotropic behaviour of bones. In 1956, Sweeney 
et al. [1] carried out studies on the mechanical properties of decalcified bones and found that the 
mechanical properties depend not only on the collagen fibril strength but also on the interaction 
between the fibrils, fibres and their arrangement. Toridis [5] carried out the stress analysis by 
considering a model of a femur as a three-dimensional elastic body when subjected to aerial, 
shearing and bending moments. Currey [6-8] carried out a series of studies on the mechanics of 
bone and examined the effect of mineral content on the gross mechanical properties for different 
bones from different animals. The dependence of temperature on the deformation of bone was 
observed by Bonfield and Li [9]. Evans [10-14], Chamay [15], Vincentilli and Evans [16], Kummer 
[17], Hermann and Liebowitz [18], Rybacki et al. [19], Bonfield and Clark [20], Pope and Outwater 
[21], Martin and Atkinson [22], Carter [23], Jaeger et al. [24], Torzilli and Takebe [25], Lakes and 
Katz [26], Goldstein and Wilson [27] and others carried out many experimental nd analytical 
investigations on the various mechanical properties of osseous tissues for different specimens of 
human and animal bones. 
But it appears that very few of them have been devoted to finding the fracture strength of osseous 
tissues, although fracture and fatigue are pathologically as well as physiologically important. In 
his experimental study, Piekarski [28] propagated fractures in specimens of bovine femoral bones 
and examined these under reflected light as well as electron microscopes. But he did not test any 
precracked specimens whereby considerable amount of energy was lost for initiating the crack. 
Subsequently, Pope and Outwater [29] used precracked specimens of bovine, canine and anthropoid 
bones for estimating the strength and fracture nergy of osseous tissues. Amtmann [30], through 
his compression tests on dry cortical bone, determined the breaking strength of human femoral 
shaft. Response of compact bone to a fluctuating compressive load was examined by Gray and 
Korbachev [31]. Also, Bynum [32], Simikin and Robin [33], Lewis [34], Wright and Hayes [35], 
Misra and Murty [36], Bonfleld [37], Misra and Malty [38], Behiri and Bonfield [39] studied various 
fracture characteristics of bone substance. 
In conformity to the experimental observation of Dempster and Liddicoat [40], bone was treated 
as a transversely isotropic material in various analytical studies made by Vayo and Ghista [41], 
Lang [42], Welch [43], Yoon and Katz [44] and others. Nowinski [45-49] considered bone to be 
a two-phase poroelastic body by taking the solid part to be perfectly elastic and fluid contained 
in the pores as Newtonian viscous. Utenskin and Sveshnikova [50], Piekarski [51] as well as Saha 
[52] carried out further experimental nd theoretical investigations on the anisotropic behaviour 
of osseous tissues. 
The aim of the present paper is to report he results of an analytical study of a bone specimen 
having an external crack, by considering a suitable model. Since a single analytical model can 
hardly be used to study all the aspects, different models were used previously depending upon the 
objectives of the studies. For example, Nowinski [45] in his studies treated bone as a poroelastic 
cylindrical body, while Saha [52] in his analysis considered bone as an elastic anisotropic material. 
In the present study, a specimen of long bone is modelled as a long transversely isotropic elastic 
continuum containing a cylindrical cavity inside it. It is assumed that there exists an external crack 
in the bone medium. In order to study the fracture strength of bone material stress and 
displacement felds in the neighbourhood f the crack are examined. Expressions for the important 
fracture characteristics, viz. stress intensity factor and the shape of the crack are derived. Numerical 
values of the longitudinal displacement and the longitudinal stress at various points in the vicinity 
of the crack are estimated. 
2. FORMULATION OF THE PROBLEM 
Using cylindrical coordinates (r, 0, z), taking z = 0 as the plane of the crack and c as the radius 
of a circular egion, the crack is assumed to be opened up by means of a pressure distribution p(r). 
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The plane z = 0 is assumed to be totally free from shearing tractions. The bone specimen under 
consideration is considered as an elastic medium having a cylindrical cavity of unit radius. Thus 
denoting the displacement and stressfields respectively by u; and a o, the boundary conditions may 
be listed as follows: 
on z --O, 
o,~=0, 1 ~<r ~<oo, 
a,~ = --p(r),  c < r < oo, 
u~=O, 1 <~r <~c; 
on r = 1 (cylindrical surface of the bone specimen), 
u ,=o,~=0,  z>~O, O<<.O<<.2n. 
(1) 
(2) 
(3) 
3. METHOD OF SOLUTION 
Since our object is to focus on the anisotropic behaviour of bone, as indicated in Lang [42], Welch 
[43] as well as Yoon and Katz [44], the constitutive quations for bone material (in the case of 
axisymmetric deformation) are taken in the form 
Ou u do~ 
O'rr = CII ~r  "JU C12 -- "Jr- C13 r ~-z' 
o'00 = c12 ~r  + Cl1 7 + c~3 ~---~-, 
and 
du u ~9o~ 
a,, = c,3 Tr + c13 r + c33 Tz 
+a%, 
0,, = C44 ~z ar ] 
c o denoting the elastic constants of the bone tissues (in the above, u, = u and uz = co). 
In a state of equilibrium, the elastic stress-field in the bone has to satisfy the equations 
~ff rr ..}. ~ff rz ft. -- frO0 
~?r dz + ~r  = 0 
and 
(4) 
=0 ' 
ctr az r 
so that the displacement-field can be determined through the solution of the following equations 
(subject o the appropriate boundary conditions): 
[~2u 1 ~u u'~ ~2ca aZco 
c./'~"s + ) + (c,3 + c.) = 0 r ar ;~ ~ + c,, \o r -  
/d2co 1 c%o'~ 
+c~) ~r + +c33~F=0.  
and 
Introducing a scalar potential function ~v such that 
u = ~ and 
c9~' 
O)~$ Og,  
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and 
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/d2~ ' 1 a~"~ d2~ ' 
c,,[,T;rr~+;N)+[co" + s(c,3 + co')l -~j~ = o 
(cl3 + co" + sco') \ dr 2 + r dr J + sc33 ~ = O. (5) 
A non-zero solution for the system of equations (5) exists if 
$(C13 + CO, ) "~ CO" $¢33 = = p 2 (say). (6) 
Cll SCO" + C~3 + C44 
Elimination of s from (6) yields 
c.co'p 4 + (2c13co" +c~3 - c.c33)P 2+ c33c44 =O. 
If p~ and p2 be the roots of this equation, qJ~ and ~2 will be governed by the equations 
0210 02) 
~r2 -31- r ~r -Jl- p/2 ~z  2 ~'/i = 0, i=1 ,2 .  (7) 
Then the components of the displacement vector are given by 
d d 
u = ~r (~'~ + ~'2) and co = ~ (s~ ~'l + s2 ~e2), (8) 
sl and s2 being the values of s corresponding to the roots p~ and p~ respectively. 
As a solution of (7), let us take 
~o . . . . .  [Jo(mr) Yl(m) - Yo(mr)Jl(m)~ ~, = m -3A(m) exPt-(mz/po] \ |. j -~-~ dm Y21(m ) ) 
and 
tP 2 fom-3B(m)exp[-(mz/p2)](J°(mr)Y~(m)-Y°(mr)J~(m)) = dm,  (9 )  
J~(m) + 
A(m) and B(m) being the arbitrary functions of m. Now by using the relations (8), u and co are 
given by 
d 
u ffi u, = ~r (~'j + ~'2) 
~o (mJ~(mr) Yt(m)-mY~(mr)J,(m)) ffi m-SA(m) exp[-(mz/pt)] ~, J~(m) + Y~(m) dm 
fo \[mJ(~ (mr) J -~ '~ (m ) - m Y~ (mr)Ji (m ) ) + Jo m-3 B(m) exPt-(mz/p2)] dm 
ffi fo  m-2 { A (m ) exp[-(mz /pO] + B(m ) exp[-(mz /p2)]} 
( Yl (mr )Jl (m ) - Jl (mr ) Yl (m ).) dm 
x J~(m) + Y~(m) 
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and 
og--Uz=S,;o~m-3A(m)(-~exp[-(mz/pl)]) 
x ~.['J°(mr )~ + (m )- Yo(mr ) Jl (m ).) dm 
+s2;~m-3B(m)(--~2exp[--(mz/P2)] ) 
(Jo(mr) Y~(m)~ Yo(mr)Ji(m)~ x~, J~(m)+ ~ .)am 
=f0~[(  s'~-2exp[--(mz/PO])A(m) 
( -2 )](jo(mr)Yt(m)_Yo(mr)Jl(m).~dm + S2mp2 exp[--(mz/p2)] B(m) - j~-T~-~ y21(m) ] 
=-fo®m-2[~p~)A(m)exp[-(mz/p,)]+~p2)B(m)exp[-(mz/p2)]] 
(Jo(mr) Yi (m) S Yo(mr)Ji (m) dm. × k J~(m) + ~ "/ 
Consequently exploiting the relations (4), we obtain 
Orz = C~ q- 
(YI (mr)./, (m) -- J, (mr) Y, (m)~ din. × k J2(m) + Y2(m) / 
Also 
au u) &o azz~- Cl3 ~ +;  dr'C33 
-~(--Cl3-Jr~)B(Dl)exp[--(mz/p2)]] 
(Jo(mr).Y~(m)~_ Yo(mr)Jt(m).~dr,, 
× ~, J2t(m ) + Y~(m) ] --"" 
On account of the condition (1), B(m) has to be related to A(m) as 
(lo) 
(11) 
(12) 
(13) 
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$2 -- Sl fO °° -2--" . /&(mr)  Y l (m)  - -  Yo(mr)Jt(m)~d., 
c°(r'0)=(1 +s2)P---------l m arm) t. ~-+ Y~(m) )- '"  (14) 
f :  _../Jo(mr)Y,(m)-- Yo(mr)J,(m)'~__ e=(r,O)= --K, m-lAtm)~ ~-~ ~ -join, (15) 
Also for y > 0, 
where 
and 
when 
implies 
~ ~.  )/1,(xy) r,(y) - L(xy)J,(y)'~. 
f (x )=J0  YJtY ~ j~(y)+y2(y) )uy. 
f f f (x)Jo(xY) (xy) ':2 dx = y-'/2 sin(cy), 
~XI/2(C2-- X2) 1]2) O • X < C, 
f(x) =/.0, c < x < oo, 
~: f (x) Y,(xy)(xy)'/2 dx = 2"n-I/2 y-'/2-'[-(v + I) sin(cy) 
0, 0<X < C, 
f (x ) -  x,/2_,(x2 cr),_V2, c<x <ov. 
NOW, from (16), we obtain 
f: G(m) = L(u)[Y, (m) cos(mu) - J, (m) sin(mu)] du. 
G(m)=m-2A(m). 
In order to solve the above dual integral equations, let us assume that 
/Jo(mr) Yl (m)-- Yo(mr)Jt (m)) ~P L(t) _ 
f:G(m) k J~(m)+ Y~(m) dm =J¢ (p¢--?)t/2at, 
i 
We further know that 
f f (y )  = xf(x) [J~(xy) r , (y)  - L(xy)L(y)]  ax 
(16a) 
p > c. (17) 
(18) 
with 
and 
~: (Jofmr) Y,(m)- Yo(mr)Jl(m)'~. 
G(m)\ J~(m)+ ~ .)am=O, 1 ~<r ~<c (16) 
where 
Further, application of the boundary conditions (2) and (3) leads to the following pair of dual 
integral equations: 
~: (Jo(mr)Y_2(m)-- Yo(mr)J,(m)'~dr. ' p(r) 
mG(m) \ J~(m) + Y~(m) ] _.. =--~-j , c < r < oo 
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Substituting this expression i  (16) and integrating between t and oo, we get 
_ du = f~ rh(r) __,_L(u) K(u, t) t.r~-----z-2.1/~ ar, Ot 
where 
and 
p(r) h(r) = kl 
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(19) 
l l f : s in (u - t )mdm_f :s in (u+t)mdm K(u, t) = -~ ~ m 
+"f: H," (,,) + 1)exp[i(u+t)m]dm] 
By applying the method of contour integration, it is found that the last integral in K(u, t) is equal 
to 
f :  Ii(m ) exp[-(u + t)m] dm. 
--~ kl(m) m 
Now from (19), one obtains 
;c ~ (f~Ii(m) ) 2ft~ rh ( r )d rdu=-  -L(t)+ L(u) \ j  o k-~ exp[-(u + t)m]dm n (r 2-/2),/2, c<t<O0.  (20) 
Thus the dual integral equations (16) now reduce to the Fredholm integral equation (20). 
Also the normal stress in the plane of the crack is given by 
°"(r'O)=~:{m-'A(m)[cu( I (l+s2)p,](l +s0P--~2~-c33(/~-212 (I +s,)(l+s2)P_~p2)l}s2 
Yo(mr )J (m ) - Yo(mr ) Y, (m )'~ den x j ~ - ~ ~  -]_.., l~<r~<c. (21) 
Moreover, the crack profile is described by 
s~ - sl ~ (Jo(mr) Yl(m) - Yo(mr)Jt(m)~ 
co(r'0) =(l'~s2)-P~ Jo m-2A(m)~, ~ ~ ]dm, c <r  < ~.  (22) 
4. NUMERICAL RESULTS AND DISCUSSION 
The normal stress #~z given by equation (21) and the crack profile co(r, 0) given by equation (22) 
are to be calculated by using suitable numerical techniques. At first, the function L(t) is to be 
calculated numerically at some discrete points given by t -- TI, T2 . . . .  , TN from equation (20). Let 
us write 
Jo ,x~tm) 
Then the inner integral in the left-hand side of equation (20) can be expressed as 
X(u + t) - f~ / l (m)  exp[-(u + t)m] din. (23) 
J0 Kl(m) 
Thus equation (20) may be rewritten in the form 
fc ® Ir2 ft~ rh(r)dr(-~: t- /2' -L(t)+ L(u)X(u+t)du=- c<t<oo. (24) 
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A suitable upper limit of t is chosen as Ts and the entire region of interest in the t-domain extending 
from c to TN is divided into N number of equispaced points denoted by T I , I"2, 2'3 . . . . .  TN_ i, TN. 
It should be noted here that the initial point is given by t = TI = c. The number of nodal points, 
N is to be odd in order that Simpson's rule can be used as a suitable quadrature formula with L(6), 
L(t2) . . . .  , L(tn) as the unknowns. If the right-hand integral in (24) is denoted by R(t),  we have 
2 ~ rh(r) dr 
R(t)  J, (r 2_t2)1/2, e<t<~.  (25) 
Consequently, equation (24) may be expressed as 
- L ( t )+ L (u)X(u)du  =R(t ) ,  c < t < oo. (26) 
Substituting t = TM where Tl < TM < T~ and Tl = c in (26): 
L(T,) X(T, + TM) + 4L(T2) X(T2 + Tin) + 2L(T3) X(T3 + Tin) +""  
• ." + L(Tm)[X(Tm + T,,)w - 1] +. . .  + L(Tu)X(T#+ T,,) = R(T,,,). (27) 
For t = T l, 
L(T,)[X(T, + T,) -- 1] + 4L(T2) X(T2 + T,) 
+ 2L(T3) X(T3 + r,) + . . .  + L(T:¢) X(T~v+ TO = R(T,). (28) 
For t = TN, 
L(T,) X(T, + T:¢) + 4L(T2) X(T2 + Tu) 
+ 2L(T3)X(T3 + Tu) + .. . .  + L(Tu)[X(TN + Tu) -- 1] = R(Tu). (29) 
The set of N equations obtained by substituting t =/ '1 ,  T2 . . . .  , Tu in succession, can now be 
written in the following form, in the matrix notation: 
- X(2T~) - 1 4X(T2 + TO 2X(T3 + T~) . . .  X(T~v + TO - 
: : : : 
X(T, + Tin) LX(T2 + Tin) 2X(T3 + T,.) . . . X(TN + TM) 
L(T,) 
r ( r,.) 
L(TN) 
R(TO 
R ( T2) 
= R(T3). (30) 
R(TN) X(T~ + 7",) LX(T2  + T,,) 2X(T3 + T , )  . . . X(2T , )  - I 
The matrix equation (30) can be rewritten in a short form as 
[X] [L] = [R]. (31) 
From the above equation (31), the unknown column matrix [L] is given by 
[L] = [3(] -~ [R]. (32) 
The function h(r) appearing in the expression for R(t)  given by the equation (25) is 
h(r)=p(r)/k~, where k~ is a constant• Let us examine two different forms of p(r), viz. (i) 
p(r) =p0/r:  and ( i i )p(r)•p0/r 3 where P0 is a constant. For these expressions ofp(r) ,  the values 
of the integral involved in the equation (25) are Polk1 and po/(kiF) respectively. The elements of 
the column matrix [L] are calculated from equation (32) and they are normalised with respect o 
po/kz. By using the values of the different elements of [L] obtained in this way, one can compute 
G(m) from (18), viz. 
f: G(m) = L(u)[Yi (m)cos(mu) - Yl (m)sin(mu)] du. 
The corresponding values of A(m) can then be found from the relation (16a) which yields 
A(m) = m 2 G(m). 
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Table 1. Values of longitudinal stress and displacement 
v o=/po u.k~/po r o=/po u, kt/po 
0.1 0.1593 0.2186 2.4 0.69304 0.2165 
0.2 0.03878 0.2136 2.5 0.05253 0.2168 
0.3 0.05851 0.2124 2.6 0.08599 0.2185 
0.5 0.02455 0.2100 2.7 0.07787 0.2196 
0.6 0.09834 0.2109 2.9 0.1016 0.2228 
0.7 0.05300 0.2097 3.1 0.09403 0.2261 
0.8 0.05610 0.2095 3.2 0.09053 0.2279 
0.9 0.09004 0.2100 3.4 0.1177 0.2329 
1.0 0.03600 0.2090 3.5 0.07431 0.2347 
I. 1 0.03699 0.2099 3.6 0. I I 15 0.2383 
1.2 0.05882 0.2095 3.7 0.1131 0.2415 
1.3 0.05529 0.2097 3.8 0.09144 0.2448 
1.4 0.08750 0.2105 4.0 0.1044 0.2538 
1.5 0.04197 0.2100 4.1 0.1537 0.2602 
1.6 0.08302 0.2111 4.2 0.1585 0.2667 
1.7 0.06389 0.2111 4.3 O. 1578 0.2744 
1.8 0.05580 0.2115 4.4 0.2097 0.2854 
1.9 0.08868 0.2126 4.5 0.2704 0.3009 
2.0 0.04693 0.2125 4.7 0.4939 0.3319 
2.1 0.08279 0.2138 4.8 0.8502 0.3264 
2.2 0.06979 0.2143 4.9 1.441 0.3395 
2.3 0.05781 0.2150 
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These values of A(m) are now used for computing the longitudinal stress a~ in the plane of the 
crack and the crack profile co(r, 0), by employing the equations (21) and (22). 
For the computational work, we have used the following values of the elastic constants of bone 
tissues: 
and 
cll--" 2.38 x 101°N/m 2, cl2 = 1.02 x 101°N/m 2, 
Cl3w 1.12 X 10t°N/m 2, c33 =3.34  x 101°N/m 2 
Q 
c44 = 0 .82  x 10 l° N/m 2. 
For the pressure distribution given by p(r)= po/r 2, the variation of a=/po with radial distance, 
has been shown in Table 1. It may be noted that the stress increases only slowly with r increasing 
from 0.1 to 4. Beyond r = 4, the stress value increases at a greater rate. 
The corresponding variation of uzk~/Po with r has also been shown in the same table in a separate 
column. 
For p(r)= po/r 3, similar calculations have been made for a,z/Po and uzkt/po. It is observed that 
the nature of variation of ~=/Po as well as u~k~/po is similar to the earlier case, but in this case, 
the corresponding values are smaller. Since the nature of variation is similar to the earlier case, 
the computed values for this case are not being exhibited here. It may be noted that the actual 
values of the longitudinal stress can be obtained by multiplying the values of the second column 
by the value of P0. To obtain the actual values of the longitudinal displacement, the values 
presented in the third column are to be multiplied by the constant factor k,/Po (where kt has been 
defined earlier in terms of the elastic constants of the bone specimen under consideration). 
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